Key Things We Learned Last Time

IE418: Integer Programming o If {x € R" | Az = b} # (), the maximum number of affinely
independent solutions of Az = bis n+ 1 — rank(A).

@ A polyhedron P is of dimension k, denoted dim/(P) = k, if the

Jeff Linderoth maximum number of affinely independent points in P is k + 1.

Department of Industrial and Systems Engineering e 241IfP C R"™, then dzm(P) + Tank(sz b:) =n

Lehigh University e Partition the inequalities defining P:

o M ={1,...,m},
23rd March 2005 o M= ={ie€ M |ax=>; Vx € P} (the equality set),
o M= = M\ M~ (the inequality set).
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Face(t)s

Valid Inequalities
Facets

Our Friend POLLY Valid Inequalities and Faces
T1— 202 +23 — x4 +225 < 3
21 —x5 < 0 P={zeR"| Az < b}
— <
rtrs < 0 @ The inequality denoted by (7, mp) is called a valid inequality
2ry —a3+ 14 <2 for P if mx < mg Vx € P.
—4ry + 273 — 2724 < —4 e POLLY C R®: @ Note that (7, m) is a valid inequality if and only if P lies in
31 —xp <2 o Remember: the half-space {x € R" | mx < mp}.
—r1 < 0 dim(POLLY) =3 e If (m,mp) is a valid inequality for P and
2y < 0 F={xe€ P|mx=mp}, Fis called a face of P and we say
a3 < 0 that (7, o) represents or defines F.
24 <0 @ A face is said to be proper if F # () and F # P.
s ; 0 @ Note that a face has multiple representations.
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Face(t)s

Valid Inequalities Face(t)s Valid Inequalities
Facets Facets

More on Faces Facets

@ The face represented by (7, mg) is nonempty if and only if

@ A face F is said to be a facet of P if dim(F") = dim(P) — 1.
max{rx | r € P} = mp.

@ Facets are all we need to describe polyhedra.
o If the face F' is nonempty, we say it supports P. poy

@ 3.1 Let P be a polyhedron with equality set M~ If @ 3.2 If Fis a facet of P, then in any description of P, there
F={vePlr'x :<7T0} is nonempty, then I is a polyhedron. exists some inequality representing F. (By setting the
Let Mz O M=, Mg = M\ M. Then inequality to equality, we get F').
F={z|al'z=bVie Mz, al'z <b;Vic Mfg}
o We get the polyhedron F' by taking some of the inequalities of @ 3.3 and 3.4 Every inequality that represents a face that is not
P and making them equalities a facet is unnecessary in the description of P.

o The number of distinct faces of P is finite.
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Face(t)s

Valid Inequalities Face(t)s Valid Inequalities
Facets Facets

POLLY's Faces Facet Representation

Consider the face

F ={x € POLLY | 2z 4+ 10x3 — 523 + 5x4 — 3z5 = 10} @ Remember 3.2. If Fis a facet of POLLY, then there is some
inequality afx < by, k € M= representing F.

e Is it proper? @ Which inequality in the inequality set of POLLY represents
o F=POLLY? F?
o F=0(?

e Points: (0,2,2,0,0),(0,1,0,0,0),(0,0,0,2,0)
o Are they in F'? (Don't forget, they must also be in P) @ x € POLLY,2x1+ 102y —523+52+4—325 =10 = 21 =0
o Are they affinely independent?
° Yes.! so dim(F) > 2 e So F'is represented by the inequality —x; <0
o Isdim(F) <27 (Yes!)
o

dim(POLLY) =3, so F'is a facet of POLLY
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A Big Theorem A Big Theorem

Polyhedra—A Fundamental Representation Polyhedra—A Useful Facet Proving Theorem

Theorem
@ Put another way, if a facet F' of P is represented by (m,m), then
the set of all representations of F' is obtained by taking scalar

. Itiples of lus li binati f th lity set of P.
Putting together what we have seen so far, we can say the multiples of (7, mo) plus linear combinations of the equality set o

following: (3.5) @ We can use this to actually prove an inequality is a facet! (3.6)
e Every full-dimensional polyhedron P has a unique (up to
§calar rpultlpllcatlorT) representation that consists of one o Let M= = (A=, b~) be the equality set of P C R", and let
inequality representing each facet of P. F={xeP| Tz =m} be a proper face of P. The following
o If dim(P) =n — k with k > 0, then P is described by a statements are equivalent
maximal set of linearly independent rows of (A=, b7), as well o Fis a facet of P
as one inequality representing each facet of P. o If \x = \g V& € F, then
(X, o) = (am + ud=, amg + u'b™),
for some a € R,u € RIM|
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A Big Theorem Exvample 1
xample 2
Examples

More Insight—Proving Facets Example: The Node Packing Polytope

@ This is just an indirect but very useful way to verify affine e Given a graph G = (V, E), with [V| =n
independence of points.
o Here we assume that P is full dimensional dim(P) = n
(though you can still use Theorem 3.6 even if not).

PACK(G) = {z € B" | 2; +x; < 1V(i,j) € E}

e Given valid inequality 77z < ...

@ Choose t > n points 2t, 22 ... 2t all satisfying 77z = 7.
Suppose that all these points also lie in a generic hyperplane
)\T.T = )\0.

© Solve the linear equation system:

D Nah =X Vk=12,...t

J=1

© If the only solution is (A, A\g) = a(m, m) for a # 0, then PACK = conv

7lx < mg is facet defining.
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Example 1 Example 1

Example 2 Example 2

Examples Examples

Example Steps of the Proof

Your writing here

Our Task
Prove that

@ What is dim(PACK(())?
@ So then rank(A=,6=) =0
T1+To+T3+ T+ 25 <2 Q Let

F = {z € PACK(G) | 1 +
xp + x3 + x4 + 15 = 2}
Suppose ATz = Ao Vz € F.
We will show that (A, o) is
a scalar multiple of

[(1,1,1,1,1,0)T,2].

is a facet-defining inequal-
ity for PACK(G):
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Example 1 Example 1

Example 2 Example 2

Examples Examples

An easier way? A More Abstract Example

@ What we've just done is really just another way to show that

the points we chose were affinely independent. @ Let C C V be a maximal clique in G. We will show (two

octave:1>A=1[1, 0, 1, 0, 0, 0; 0, 1, 0, 1, O, O; Ways) that
0,0,1,0,1,0;1, 0,0, 1,0, 0;
0,1,0,0,1,0; 1, 0,1, 0, 0, 11
E Iy f; 1
A =
e’
10100 0
0 1.0 100 e is a facet-defining inequality (a facet) of PACK(G).
0010 10
10010 0 _ _ o
0100 10 e First question: What is dim(PACK)?
1010 0 1

o How do we establish the dimension of a polyhedron?

octave:2> rank(A)
ans = 6
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Example 1 Example 1

Example 2 Example 2

Examples Examples

Way #1—Direct Way #2—Indirect

e To show that ). ~x; < 1is a facet (that its dimension is

n — 1), we can given n affinely independent points in PACK T
that satisfy > ;o2 =1 Suppose F' C G = {z € PACK|A z = Ao} (A #0)

e Since the hyperplane Y, z; = 1 does not contain the origin, If we can show that G is just a (non-zero) scalar multiple of
this is equivalent to giving n linearly independent points. F, then we have established that F' is a facet.

e WLOG, let the clique be C' ={1,2,...,k} Again, WLOG, let C = {1,2,...,k}
e Key: Vp e V' \ C Fi, € C such that (ip,p) € E. Why? For i < k consider the point e;.
e Points: (e1,€2,...,€k, k11 +€ijppse--r€pte€ipyenn,ntei) o Satisfies equality F. FC G =\, =X Vie C

Let F = {z € PACK| Y ;0 mi = 1}
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Example 1
Example 2

Examples

Indirect Facet Proof, cont.

e For p € V' \ C, consider the point e, 4 ¢;,: (1's in the
coordinates p and i)

@ By the same argument as the previous proof, this point packs,

and we can always find such a point Vp € V' \ C

This point satisfies equality F. FFC G = A\, + A\, = Ao

Ai, = X0, 50 Ay = Ao Vp eV \C.

So out inequality defining G' looks like Ao D ;@i = Ao.

This is a scalar multiple of the inequality defining F', so F' is a
facet defining inequality.
o Ao #0since \#£0, \i =X Vi€ C, A\, =0¥peV\C
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